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Abstract
Stationary and translating relative equilibria of point vortices in
the plane are studied. It is shown that stationary equilibria of a system
containing point vortices with arbitrary choice of circulations can be
described with the help of the Tkachenko equation. It is obtained that
the Adler – Moser polynomial are not unique polynomial solutions of
the Tkachenko equation. A generalization of the Tkachenko equation
to the case of translating relative equilibria is derived. It is shown that
the generalization of the Tkachenko equation possesses polynomial
solutions with degrees that are not triangular numbers.
1 Introduction
The problem of finding stationary and relative equilibrium solutions to Helmholtz’s
equations describing motion of point vortices in the plane has been attract-
ing much attention during recent years [1–9]. The so–called ”polynomial
method” is often used while studying this problem [1]. According to this
method one introduces polynomials with roots at vortex positions. For ex-
ample, it was found by Stieltjes that the generating polynomial of N identical
point vortices on a line is essentially the Nth Hermite polynomial. Consid-
ering equilibrium of point vortices with equal in absolute value circulations
leads to an ordinary differential equation first discovered by Tkachenko [1].
It is well known that the Adler – Moser polynomials give polynomial so-
lutions to the Tkachenko equation. Originally these polynomials arose in
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the theory of one of the most famous soliton equation, the Korteweg – de
Vries equation [10]. This fact provides a remarkable and rather unexpected
connection between the dynamics of point vortices and the theory of inte-
grable partial differential equations [11]. Not long ago analogous connections
between equilibria of point vortices with circulations Γ, −2Γ and rational so-
lutions of the Sawada – Kotera and the the Kaup – Kupershmidt equations
was established [12].
In this article we study stationary and translating relative equilibria of
multivortex systems with circulations Γ1, . . ., ΓN . Our aim is to show that
the stationary case can be described with the help of the Tkachenko equation
and the translating case is reducible to a generalization of the Tkachenko
equation. As a consequence of our results we obtain that the Adler – Moser
polynomials are not unique polynomial solutions of the Tkachenko equation.
This article is organized as follows. In section 2 we consider stationary
equilibria of point vortices with arbitrary choice of circulations. We derive
an ordinary differential equation satisfied by generating polynomials of ar-
rangements and transform this equation to the Tkachenko equation. Section
3 is devoted to the translating case. We find an ordinary differential equation
satisfied by generating polynomials of the vortices and reduce the resulting
equation to the generalization of the Tkachenko equation. In section 4 we
study properties of the Tkachenko equation and the generalized Tkachenko
equation. Quite unexpectedly it is possible to construct polynomial solu-
tions of the Tkachenko equation not included into the sequence of the Adler
– Moser polynomials. We present these solutions in section 4. Usually it
is supposed that the generalized Tkachenko equation possesses polynomial
solutions only with degrees being triangular numbers. We give an example
that contradicts this assumption.
2 Stationary equilibria of point vortices
The motion of M point vortices with circulations (or strengths) Γk at posi-
tions zk, k = 1, . . . , M is described by the following system of differential
equations
dz∗k
d t
=
1
2pii
M∑
j=1
′ Γj
zk − zj , k = 1, . . . ,M. (1)
The prime in this expression means that we exclude the case j = k and
the symbol ∗ stands for complex conjugation. First of all we shall study
stationary vortex configurations. Thus we set dz∗k/dt = 0. Let us consider
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a multivortex system with M vortices of circulations Γ1, . . . , ΓN . Suppose
vortices at positions a
(j)
1 , . . . , a
(j)
lj
have the circulation Γj , j = 1, . . . , N . This
yields M = l1 + . . . + lN . A convenient tool for analyzing such a situation
is to introduce polynomials with roots at the positions of vortices [1]. In
other words we subdivide the vortices into groups according to the values of
circulations and define the polynomials
Pj(z) =
lj∏
i=1
(z − a(j)i ), j = 1, . . . , N. (2)
Thus we see that roots of the polynomial Pj(z) give positions of vortices
with circulation Γj . Note that the polynomials Pj(z), j = 1, . . . , N do not
have multiple and common roots. From equations (1) we find the system of
algebraic relations
N∑
j=1
lj∑
i=1
′ Γj
a
(j0)
i0
− a(j)i
= 0, i0 = 1, . . . , lj0, j0 = 1, . . . , N, (3)
where the case (j0, i0) = (j, i) is excluded. Using properties of the logarithmic
derivative, we obtain the following equalities
Pj,z = Pj
lj∑
i=1
1
z − a(j)i
, Pj,zz = 2Pj
lj∑
i=1
lj∑
k=1
′ 1
(z − a(j)i )(a(j)i − a(j)k )
. (4)
Now let z tend to one of the roots of the polynomial Pj0(z). Calculating the
limit z → a(j0)i0 in the expression for Pj0,zz yields
Pj0,zz(a
(j0)
i0
) = 2Pj0,z(a
(j0)
i0
)
lj0∑
i=1
′ 1
a
(j0)
i0
− a(j0)i
. (5)
Using equalities (3), (4), we get the conditions
Γj0
Pj0,zz(a
(j0)
i0
)
Pj0,z(a
(j0)
i0
)
= −2
N∑
j=1, j 6=j0
Γj
Pj,z(a
(j0)
i0
)
Pj(a
(j0)
i0
)
, i0 = 1, . . . , lj0, j0 = 1, . . . , N,
(6)
which are valid for any root a
(j0)
i0
of the polynomial Pj0(z). Further we see
that the polynomial
N∏
i=1
Pi(z)
{
N∑
j=1
Γ2j
Pj,zz
Pj
+ 2
∑
k<j
ΓkΓj
Pk,z
Pk
Pj,z
Pj
}
(7)
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being of degree M − 2 possesses M roots a(j)i , i = 1, . . . , lj, j = 1, . . . , N .
Thus this polynomial identically equals zero. Consequently, the generating
polynomials Pj(z), j = 1, . . . , N of the arrangements described above satisfy
the differential correlation
N∏
i=1
Pi(z)
{
N∑
j=1
Γ2j
Pj,zz
Pj
+ 2
∑
k<j
ΓkΓj
Pk,z
Pk
Pj,z
Pj
}
= 0. (8)
Note that the reverse result is also valid. If N polynomials Pj(z), j =
1, . . . , N with no common and multiple roots satisfy correlation (8), then
the roots of these polynomials give positions of vortices with circulations Γj,
j = 1, . . . , N in stationary equilibrium.
Equation (8) is invariant under the transformation z 7→ αz + β with α,
β being complex numbers and α 6= 0. This transformation converts any
equilibrium arrangement into another equilibrium arrangement. We shall
regard all such arrangements as equivalent.
Now we shall apply our results to the following multivortex situation.
Suppose l+n vortices with circulations nΓ are situated at positions z = a
(n)
i ,
i = 1, . . ., l+n , n = 1, . . ., N1 and l
−
m vortices with circulations −mΓ are
situated at positions z = b
(m)
k , k = 1, . . ., l
−
m, m = 1, . . ., N2. Further we
consider the polynomials
Pn(z) =
l+n∏
i=1
(z − a(n)i ), n = 1, . . . , N1
Qm(z) =
l
−
m∏
k=1
(z − b(m)k ), m = 1, . . . , N2
(9)
with no common and multiple roots. The amount of vortices in such an
arrangement is equal to M = l+1 + . . . + l
+
N1
+ l−1 + . . . + l
−
N2
. With the help
of equation (8), we obtain
N1∏
n=1
Pn(z)
N2∏
m=1
Qm(z)
{
N1∑
n=1
n2
Pn,zz
Pn
+
N2∑
m=1
m2
Qm,zz
Qm
+ 2
∑
n<j
nj
Pn,z
Pn
Pj,z
Pj
+2
∑
m<k
mk
Qm,z
Qm
Qk,z
Qk
− 2
∑
n,m
nm
Pn,z
Pn
Qm,z
Qm
}
= 0.
(10)
Introducing new polynomials P˜ (z), Q˜(z) according to the rules
P˜ (z) =
N1∏
n=1
P
n(n+1)
2
n (z)
N2∏
m=1
Q
m(m−1)
2
m (z), Q˜(z) =
N1∏
n=1
P
n(n−1)
2
n (z)
N2∏
m=1
Q
m(m+1)
2
m (z).
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(11)
and using the equalities
d2
dz2
ln
{
P˜ (z)Q˜(z)
}
=
N1∑
n=1
n2
(
Pn,zz
Pn
− P
2
n,z
P 2n
)
+
N2∑
m=1
m2
(
Qm,zz
Qm
− Q
2
m,z
Q2m
)
,
d
dz
ln
{
P˜ (z)
Q˜(z)
}
=
N1∑
n=1
n
Pn,z
Pn
−
N2∑
m=1
m
Qm,z
Qm
,
(12)
we get the following differential equation for the polynomials P˜ (z) and Q˜(z)
P˜zzQ˜− 2P˜zQ˜z + P˜ Q˜zz = 0. (13)
This equation was in details studied by Burchnall and Chaundy [13]. In the
framework of the vortex theory equation (13) is known as the Tkachenko
equation [1]. Later this equation appeared in the theory of the Korteweg –
de Vries equation [10]. Note that equation (13) can de rewritten as
d2
dz2
ln
{
P˜ (z)Q˜(z)
}
+
(
d
dz
ln
{
P˜ (z)
Q˜(z)
})2
= 0. (14)
Along with this we see that substituting equalities (12) into this expression,
we return back to equation (10). Consequently, any polynomial solution of
equation (13) of the form (11) describes stationary equilibrium of M point
vortices with circulations Γ, 2Γ, . . . , N1Γ and −Γ, −2Γ, . . . , −N2Γ. If the
polynomial P˜ (z) has a root of multiplicity n(n + 1)/2 at the point z = z0
and the polynomial Q˜(z) has a root of multiplicity n(n − 1)/2 at the point
z = z0, then a vortex with circulation nΓ is situated at the point z = z0.
Analogously, a vortex with circulation −mΓ is situated at the point z = z0
whenever the polynomial P˜ (z) has a root of multiplicity m(m− 1)/2 at the
point z = z0 and the polynomial Q˜(z) has a root of multiplicity m(m+ 1)/2
at the point z = z0.
Further we return to the multivortex situation we have studied in the
beginning of this section. We would like to note that an equilibrium in the
arrangements of vortices specified above necessarily exists if the following
condition is valid
N∑
j=1
ljΓ
2
j −
{
N∑
j=1
ljΓj
}2
= 0 (15)
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This correlation can be obtained finding the Laurent series in a neighborhood
of infinity for the expression in (7) and setting the highest–order coefficient
to zero. Let us show that we can reduce the equation (8) satisfied by the
generating polynomials Pj(z), j = 1, . . . , N of the arrangements to equation
(13). Indeed, applying the transformation
P˜ (z) =
N∏
j=1
P
Γj(Γj+1)
2
j (z), Q˜(z) =
N∏
j=1
P
Γj(Γj−1)
2
j (z). (16)
we obtain equation (13). We would like to note that the functions P˜ (z), Q˜(z)
may be algebraic now.
Thus we can describe stationary equilibria ofM point vortices with circu-
lations Γj, j = 1, . . ., N by means of equation (13). Suppose we have found
a solution of equation (13) in the form (16), then a vortex with circulation
Γj is situated at the point z = z0 whenever the function P˜ (z) has a ”root” of
”multiplicity” Γj(Γj + 1)/2 at the point z = z0 and the function Q˜(z) has a
”root” of ”multiplicity” Γj(Γj − 1)/2 at the point z = z0. The circulation is
calculated as the difference of the corresponding ”multiplicities”. Here and
in what follows we say that the function f(z) has a ”root” of ”multiplicity”
k at the point z = z0 if f(z) = (z − z0)kψ(z) with ψ(z) being analytic in a
neighborhood of z0 and ψ(z0) 6= 0. If k ∈ N, then the point z = z0 is a root
of the function f(z) in the usual cense.
Now let us consider the equation
SzzT − 2µSzTz + µ2STzz = 0. (17)
The polynomials S(z), T (z) with no common and multiple roots that satisfy
equation (17) describe stationary equilibria of vortices with circulations Γ and
−µΓ, µ > 0. Roots of the polynomial S(z) give positions of vortices with
circulation Γ and roots of the polynomial T (z) give positions of vortices with
circulation −µΓ. The case µ = 2 was studied in details in the articles [12,14].
Further we see that the transformations
S(z) = P˜ (z)Q˜(z)−
µ−1
µ+1 , T (z) = Q˜(z)
2
µ(µ+1)
P˜ (z) = S(z)T (z)
µ(µ−1)
2 , Q˜(z) = T (z)
µ(µ+1)
2
(18)
relate solutions of equations (13) and (17). Substituting expression (16) into
the first equality in (18), we obtain the relation
S(z) =
N∏
j=1
P
Γj(Γj+µ)
µ+1
j (z), T (z) =
N∏
j=1
P
Γj(Γj−1)
µ(µ+1)
j (z). (19)
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Thus we obtain that stationary equilibria of the multivortex system with
circulations Γj , j = 1, . . ., N can be described with the help of equation (17).
Suppose we have found a solution of equation (17) in the form (19), then a
vortex with circulation Γj is situated at the point z = z0 whenever the point
z = z0 is a ”root” of the function S(z) with ”multiplicity” Γj(Γj+µ)/(µ+1)
and the point z = z0 is a ”root” of the function T (z) with ”multiplicity”
Γj(Γj − 1)/{µ(µ + 1)}. In order to find the circulation of the vortex at the
point z = z0 we take the ”multiplicity” of the ”root” z = z0 of the function
S(z) and subtract µ multiplied by the ”multiplicity” of the ”root” z = z0 of
the function T (z).
Properties of equation (13) and some applications of our results we shall
discuss in section 4.
3 Translating equilibria of point vortices
In this section we study the system ofM point vortices moving uniformly with
equal velocities. This motion is usually referred to as translating equilibria
of point vortices. Setting dzk/dt = v
∗ with v∗ being a constant v∗ = λ/(2pii),
λ 6= 0 in equations of motion (1), we obtain
M∑
j=1
′ Γj
zk − zj − λ = 0, k = 1, . . . ,M. (20)
Again we subdivide the vortices into groups according to the values of cir-
culations Γj , j = 1, . . . , N . By a
(j)
1 , . . . , a
(j)
lj
, j = 1, . . . , N we denote
instantaneous positions of the vortices. We rewrite relations (20) as follows
N∑
j=1
lj∑
i=1
′ Γj
a
(j0)
i0
− a(j)i
− λ = 0, i0 = 1, . . . , lj0 , j0 = 1, . . . , N, (21)
Introducing the polynomials Pj(z), j = 1, . . . , N with no multiple and
common roots as given in formula (2), we obtain the correlations
Γj0
Pj0,zz(a
(j0)
i0
)
Pj0,z(a
(j0)
i0
)
= −2
N∑
j=1, j 6=j0
Γj
Pj,z(a
(j0)
i0
)
Pj(a
(j0)
i0
)
+2λ, i0 = 1, . . . , lj0, j0 = 1, . . . , N
(22)
valid for any root a
(j0)
i0
of the polynomial Pj0(z). Let us consider the polyno-
mial
N∏
i=1
Pi(z)
{
N∑
j=1
Γ2j
Pj,zz
Pj
+ 2
∑
k<j
ΓkΓj
Pk,z
Pk
Pj,z
Pj
− 2λ
N∑
j=1
Γj
Pj,z
Pj
}
. (23)
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This polynomial is of degree M −1 and possesses M roots a(j)i , i = 1, . . . , lj,
j = 1, . . . , N . Thus this polynomial identically equals zero. Consequently
the generating polynomials Pj(z), j = 1, . . . , N of the arrangements de-
scribed above satisfy the differential correlation
N∏
i=1
Pi(z)
{
N∑
j=1
Γ2j
Pj,zz
Pj
+ 2
∑
k<j
ΓkΓj
Pk,z
Pk
Pj,z
Pj
− 2λ
N∑
j=1
Γj
Pj,z
Pj
}
= 0. (24)
The reverse result is also valid. If N polynomials Pj(z), j = 1, . . . , N with
no common and multiple roots satisfy correlation (24), then the roots of
these polynomials give instantaneous positions of vortices with circulations
Γj , j = 1, . . . , N in translating equilibrium. Finding the Laurent series in
a neighborhood of infinity for expression (23) and setting the highest–order
coefficient to zero, we obtain the following necessary condition
N∑
j=1
ljΓj = 0. (25)
for a translating equilibrium to exist. The transformation (16) reduces equa-
tion (24) to the equation
P˜zzQ˜− 2P˜zQ˜z + P˜ Q˜zz − 2λ
(
P˜zQ˜− P˜ Q˜z
)
= 0, (26)
which is a generalization of the Tkachenko equation (13). This equation can
be rewritten in the form
d2
dz2
ln
{
P˜ (z)Q˜(z)
}
+
(
d
dz
ln
{
P˜ (z)
Q˜(z)
})2
− 2λ d
dz
ln
{
P˜ (z)
Q˜(z)
}
= 0. (27)
Consequently, we see that translating equilibria of M point vortices with
circulations Γj, j = 1, . . . , N can be described with the help of equation
(26).
4 Properties of the Tkachenko equation and
the generalized Tkachenko equation
In this section we shall study properties of equations (13), (26). Suppose
a pair P˜ (z), Q˜(z) is a polynomial solution of equation (13). Balancing the
highest–order terms in equation (13), we see that the degrees of the poly-
nomials P˜ (z), Q˜(z) are two successive triangular numbers. In other words
deg P˜ (z) = m(m+ 1)/2, deg Q˜(z) = m(m− 1)/2, m ∈ Z.
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The Adler – Moser polynomials provide a sequence of polynomial solu-
tions to the Tkachenko equation. These polynomials can be constructed with
the help of the following recurrence relation
Vk+1(z) = Vk−1(z)
∫
σk+1
V 2k (z)
V 2k−1(z)
dz, k ∈ N. (28)
The sequence begins with V0(z) = 1, V1(z) = z + c1. Usually the parameter
c1 is taken as zero. This choice results from the invariance of the Tkachenko
equation under the transformation z 7→ αz + β. At each step an arbitrary
constant ck+1 is introduced in (28) and the parameter σk+1 is chosen in such
a way that the corresponding polynomial is monic. Another way to find the
Adler – Moser polynomials in explicit form is to use the Darboux transfor-
mations of the operator d2/dz2. As a result the Wronskian representation
arises. Some other recurrence relations satisfied by these polynomials are
given in [10, 15–18]. Two successive Adler – Moser polynomials solve the
Tkachenko equation, i. e. we may set P˜ (z) = Vk±1(z), Q˜(z) = Vk(z) in
(13). As a consequence of our results (see section 2) we can obtain new solu-
tions of equation (13). Suppose a pair P (z), Q(z) provides a solution of the
Tkachenko equation, then the functions
P˜ (z) = P
Γ(Γ+1)
2 (z)Q
Γ(Γ−1)
2 (z), Q˜(z) = P
Γ(Γ−1)
2 (z)Q
Γ(Γ+1)
2 (z). (29)
also satisfy equation (13). In particular we obtain that the functions
P˜
(1)
k (z) = V
Γ(Γ+1)
2
k (z)V
Γ(Γ−1)
2
k+1 (z), Q˜
(1)
k (z) = V
Γ(Γ−1)
2
k (z)V
Γ(Γ+1)
2
k+1 (z), k ∈ N ∪ {0}
(30)
solve equation (13). If Γ ∈ Z, then P˜ (1)k (z), Q˜(1)k (z) in (30) are polynomials.
Further let us consider an example. Suppose we study stationary equilib-
ria of l+1 point vortices with circulation Γ and l
−
2 point vortices with circula-
tion −2Γ. In our situation we have only two groups of vortices, thus we shall
omit corresponding indices. In other words we set S(z) ≡ P1(z), Q1(z) = 1,
T (z) ≡ Q2(z) (see (9)). According to the formula (10) the polynomials
S(z) =
l
+
n∏
i=1
(z − ai), T (z) =
l
−
2∏
k=1
(z − bk) (31)
describing these configurations satisfy the equation
SzzT − 4SzTz + 4STzz = 0. (32)
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Note that the vortices with circulation Γ are situated at the points ai, i =
1, . . . , l+1 and the vortices with circulation −2Γ are situated at the points
bk, k = 1, . . . , l
−
2 . In new variables
P˜ (z) = S(z)T (z), Q˜(z) = T 3(z). (33)
we rewrite equation (32) in the form (13). In order to obtain relation (33)
we used expression (11). Polynomial solutions of equation (32) were studied
in [12, 14]. Two neighbor polynomials from the sequences
Sk+1(z) = Sk−1(z)
∫
γk+1
T 4k (z)
S2k−1(z)
dz, k ∈ N
Tk+1(z) = Tk−1(z)
∫
δk+1
Sk(z)
T 2k−1(z)
dz, k ∈ N.
(34)
i. e. Sk, Tk+1 and Sk, Tk−1, provide polynomial solutions of equation (32).
The ”initial conditions” for these sequences are S0(z) = 1, S1(z) = z + s1,
T0(z) = 1, T1(z) = z + t1. Again we can set s1 = 0, t1 = 0. Calculating the
indefinite integrals in expressions (34), we introduce the integration constant
sk+1 in the first one and tk+1 in the second. For convenience the parameters
γk+1, δk+1 can be chosen in such a way that all the polynomials are monic.
Consequently, we obtain that the Tkachenko equation admits polynomial
solutions of the form
P˜
(2)
k (z) = Sk(z)Tk+1(z), Q˜
(2)
k (z) = T
3
k+1(z), k ∈ N ∪ {0},
P˜
(3)
k (z) = Sk(z)Tk−1(z), Q˜
(3)
k (z) = T
3
k−1(z), k ∈ N
(35)
with Sk(z), Tk±1(z) given by (34), see also table 1.
Table 1: Polynomials from the sequences (35).
P˜
(2)
0 (z) = z Q˜
(2)
0 (z) = z
3
P˜
(2)
1 (z) = z
3 + t2z Q˜
(2)
1 (z) = z
6 + 3 t2z
4 + 3 t2
2z2 + t2
3
P˜
(2)
2 (z) = z
10 + t3z
6 − 3s2z5 + s2t3z − 4s22 Q˜(2)2 (z) = z15 + 3t3z11 − 12 s2z10+
+3t23z
7 − 24s2t3z6 + 48s22z5 + t33z3−
−12t23s2z2 + 48s22t3z − 64s32
P˜
(3)
1 (z) = z Q˜
(3)
1 (z) = 1
P˜
(3)
2 (z) = z
6 + s2z Q˜
(3)
2 (z) = z
3
P˜
(3)
3 (z) = z
10 + 33
5
t2z
8 + 98
5
t2
2z6 + 42 t2
3z4 Q˜
(3)
3 (z) = z
6 + 3t2z
4 + 3t22z
2 + t32
+s3z
3 + 21t42z
2 + s3t2z − 7t52
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For example, the following polynomials satisfy equation (32):
S3(z) = z
8 +
28
5
t2z
6 + 14 t2
2z4 + 28 t2
3z2 + s3z − 7 t24, T2(z) = z2 + t2.
(36)
In this expression t2, s3 are arbitrary constants. Substituting expressions
(36) into relations given in (35), we see that the polynomials
P˜
(3)
3 (z) = z
10 +
33
5
t2z
8 +
98
5
t22z
6 + 42t32z
4 + s3z
3 + 21t42z
2 + s3t2z − 7t52,
Q˜
(3)
3 (z) = z
6 + 3t2z
4 + 3t22z
2 + t32.
(37)
solve equation (13). Note that these polynomials are not included into the
sequence of the Adler — Moser polynomials. Indeed the Adler – Moser
polynomials of the corresponding degrees are the following
V4(z) = z
10 + 15 c2z
7 + 7 c3z
5 + c4z
3 − 35 c2c3z2 + 175 c23z + c4c2 − 7
3
c23,
V3(z) = z
6 + 5 c2z
3 + c3z − 5 c22,
(38)
where c2, c3, c4 are arbitrary constants. The roots of the polynomials in (36)
give positions of vortices with circulations Γ (roots of S3(z)) and −2Γ (roots
of T2(z)) in stationary equilibrium whenever the corresponding polynomials
do not have multiple and common roots. Similarly, if the polynomials V4(z),
V3(z) in (38) do not possess multiple and common roots, then their roots
provide positions of vortices with circulations Γ (roots of V4(z)) and −Γ
(roots of V3(z)) in stationary equilibrium. Several examples are plotted in
figure 1.
Sometimes it is supposed that polynomials from the sequences (34) pro-
vide unique polynomial solutions of equation (32) accurate to the freedom
discussed above. Let us consider an example and show that it is not the case.
The polynomials
S(z) = z5(z + 7δ)(z2 + 9δz + 21δ2), T (z) = z5(z + 7δ)2 (39)
satisfy equation (32). Studying the structure of these polynomials with the
help of the results of section 2, we obtain that they describe equilibria of four
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(a) (b)
Figure 1: Plots of vortex positions in stationary equilibrium described by
polynomials (36) with s2 = 1, t2 = 10, s3 = 1 (figure a) and described by
polynomials (38) with c2 = 10, c3 = 1, c4 = 1 (figure b). Circles mark vortices
with circulation Γ, squares mark vortices with circulation −2Γ (figure a) and
−Γ (figure b)
point vortices (δ 6= 0) in the following arrangement
Γ1 = −5, a(1)1 = 0,
Γ2 = −3, a(2)1 = −7δ,
Γ3 = 1, a
(3)
1 =
(
−9
2
+
√
3
2
i
)
δ, a
(3)
2 =
(
−9
2
−
√
3
2
i
)
δ.
(40)
The polynomials of the corresponding degrees from the sequences (34) are
S3(z) = z
8 +
28
5
t2z
6 + 14 t22z
4 + 28 t32z
2 + s3z − 7 t42,
T4(z) = z
7 + 7 t2z
5 + 35 t2
2z3 + t4z
2 − 35 t23z − 5
2
s3 + t4t2,
(41)
where t2, s3, t4 are arbitrary constants. We see that the polynomials given
by (39) can not be included into these sequences. Thus we have constructed
an alternative polynomial solution of the equation (32). Note that while
comparing the polynomials one should take into account the invariant trans-
formation z 7→ αz + β.
Now let us study the generalized Tkachenko equation (26). If P˜ (z), Q˜(z)
in (26) are polynomials, then they have equal degrees. This fact can be
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obtained balancing the highest–order terms in equation (26). It is well known
that equation (26) possesses polynomial solutions given by the Adler - Moser
and the modified Adler - Moser polynomials (see [9]). Let us note that the
parameter λ can be removed from the equation (26) if we introduce the new
variable ξ = λz.
Frequently it is stated that polynomial solutions of equation (26) have
triangular degrees. Let us consider an example and show that this statement
is not valid. Suppose we study translating equilibria of two group of point
vortices: one with circulation Γ and generating polynomial P (z) and another
with circulation −Γ and generating polynomial Q(z). Then the polynomials
P (z), Q(z) satisfy the equation
PzzQ− 2PzQz + PQzz − 2λ0 (PzQ− PQz) = 0, λ0 = λ
Γ
. (42)
In what follows we denote solutions of equation (42) as P (z;λ0), Q(z;λ0)
According to the formula (16) we see that the functions
P˜ (z;λ) = P
Γ(Γ+1)
2 (z;λ0)Q
Γ(Γ−1)
2 (z;λ0), λ0 =
λ
Γ
Q˜(z;λ) = P
Γ(Γ−1)
2 (z;λ0)Q
Γ(Γ+1)
2 (z;λ0), λ0 =
λ
Γ
(43)
solve the generalized Tkachenko equation (26). Thus for any solution P (z;λ0),
Q(z;λ0) of equation (42) transformation (43) gives a solution of the general-
ized Tkachenko equation (26). Let us take Γ = 3. The polynomials
P (z) = z +
1
λ
, Q(z) = z (44)
provide a solution of the generalized Tkachenko equation (26). Using formula
(43), we see that the polynomials
P˜ (z) = z3
(
z +
3
λ
)6
, Q˜(z) = z6
(
z +
3
λ
)3
. (45)
solve the same equation. We note that the degree of the polynomials P˜ (z),
Q˜(z) in (45) is not a triangular number.
5 Conclusion
In this article we have studied the problem of finding stationary and trans-
lating equilibrium positions for multivortex systems with circulations Γ1, . . .,
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ΓN . We have found ordinary differential equations satisfied by generating
polynomials of vortex arrangements. We have shown that the stationary
case can be described with the help of the Tkachenko equation. Strikingly
it turns out that the Adler – Moser polynomials are not unique polynomial
solutions of this equation.
We have obtained that the equation for generating polynomials in the
translating case is reducible to a generalization of the Tkachenko equation.
Usually it is supposed that polynomial solutions of this equation have degrees
that are triangular numbers. We have found alternative polynomial solutions
of the latter equation, i.e. polynomial solutions with non–triangular degrees.
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